In this work, we establish some fixed point theorems for weakly C-contractive mappings in partial metric spaces. Presented theorems extend and generalize some existence results in the literature. Also, an example is given to support our results. MSC: 47H10; 54H25
http://www.fixedpointtheoryandapplications.com/content/2013/1/107 Shatanawi [] investigated some fixed point theorems and coupled fixed point theorems for weakly C-contractive mapping by using an altering distance function in metric and partially ordered metric spaces.
Recently, Haghi et al. [] pointed that many fixed point generalizations to partial metric spaces can be obtained from the corresponding results in metric spaces and considered some cases to demonstrate this fact. The aim of this paper is to research fixed point and common fixed point theorems for weakly C-contractive type mappings in partial metric spaces. Our results extend and generalize some results of [] to partial metric spaces; all of our results cannot be obtained from the corresponding results in metric spaces. Moreover, even in metric spaces, our results are the generalizations of some results of [] . Also, we give an example to illustrate our results.
Throughout this paper, the letters N and N + denote the set of all nonnegative integer numbers and the set of all positive integer numbers, respectively. Let us recall some definitions and properties of partial metric spaces.
Definition . []
Let X be a nonempty set. The mapping p : X × X → [, +∞) is said to be a partial metric on X if the following conditions hold:
(x, y) = p(x, x) = p(y, y), (P  ) p(x, x) ≤ p(x, y), (P  ) p(x, y) = p(y, x), (P  ) p(x, y) ≤ p(x, z) + p(z, y) -p(z, z),
for any x, y, z ∈ X. The pair (X, p) is then called a partial metric space.
It is clear that, if p(x, y) = , then from (P  ) and (P  is a (usual) metric on X. Each partial metric p on X generates a T  -topology τ p on X with a base of the family of open p-balls {B p (x, ε) : x ∈ X, ε > }, where B p (x, ε) = {y ∈ X : p(x, y) < p(x, x) + ε} for all x ∈ X and ε > . Let (X, p) be a partial metric space. Then: A sequence {x n } in a partial metric space (X, p) converges to a point x ∈ X if and only if
A sequence {x n } in a partial metric space (X, p) is called a Cauchy sequence if there exists (and is finite) lim n,m→+∞ p(x m , x n ).
A partial metric space (X, p) is said to be complete if every Cauchy sequence {x n } in X converges, with respect to τ p , to a point x ∈ X such that p(x, x) = lim n,m→+∞ p(x m , x n ).
The following lemmas play a major role in proving our main results. 
(.) 
(.)
Main results
We start this section with the following definition, which can be seen in [, , , ].
Definition . Let (x, P) be a partial metric space. A mapping T : X → X is said to be continuous at 
where ψ and ϕ are altering distance functions with Proof If x  = fx  , then x  is a fixed point of f . Suppose that x  ≺ fx  , we can choose x  ∈ X such that fx  = x  . Since f is a nondecreasing function, we have
Continuing this process, we can construct a sequence {x n } in X such that x n+ = fx n with
It is clear that if p(x n , x n+ ) =  for some n  ∈ N , then f has a fixed point. Taking p(x n , x n+ ) >  for all n ∈ N , now let us prove the following inequality:
From (.) and (.), we obtain that
this together with (.) shows that
Using the property of φ, we have
From the property of ψ, we have p(x n  , x n  + ) = , which contradicts with p(x n , x n+ ) >  for all n ∈ N ; hence (.) holds. Therefore, {p(x n , x n+ )} is a nonincreasing sequence, and thus there exists r ≥  such that
Using (.), we obtain
Letting n → +∞ in the above inequality, we get
the continuity of φ guarantees that
and the property of φ gives that
on taking inferior limit in the above inequalities and using (.), we obtain that ψ(r) =  and so r = , therefore,
moreover, we have
Now, we claim that {x n } is a Cauchy sequence in the metric space (X, d p ) (and so also in the space (X, p) by Lemma .). For this, it is sufficient to show that {x n } is a Cauchy sequence in (X, d p ). Suppose that this is not the case, then using Lemma . we have that {x n } is not a Cauchy sequence in (X, p). By Lemma ., we obtain that there exist ε >  and two sequences {m(k)} and {n(k)} of positive integers such that n(k) > m(k) > k and sequences in (.) tend to ε when k → +∞. For two comparable elements y = x n(k)+ and x = x m(k) , we can obtain, from (.), that
which implies that φ(ε, ε) = , hence ε = , a contradiction. Thus, {x n } is a Cauchy sequence in (X, d p ) and so {x n } is a Cauchy sequence both in (X, d p ) and in (X, p). Since (X, p) is complete then the sequence {x n } converges to some z ∈ X, that is
Applying the triangular inequality, we have
taking n → +∞ in the above inequalities, then the continuity of f and Lemma . give that
By combining (.) and (.), we have
which yields that φ(p(z, fz), p(fz, z)) = , and thus p(z, fz) = , that is z = fz. Therefore, z is a fixed point of f .
Theorem . Suppose that X, f , ψ, ϕ, and φ are the same as in Theorem . except the continuity of f . Suppose that for a nondecreasing sequence {x n } in X with x n → x ∈ X, we have x n x for all n ∈ N . If there exists x  ∈ X such that x  fx  , then f has a fixed point.
Proof As in the proof of Theorem ., we have a Cauchy sequence {x n } in X. Since (X, p) is complete, there exists z ∈ X such that x n → z, that is,
due to the hypothesis, we get x n z. Similar to the proof of Theorem ., we have that
From (.), we obtain that
Letting n → +∞ in the above inequalities, and by Lemma ., we have Proof Let x  be an arbitrary point in X. One can choose x  ∈ X such that fx  = x  . Also, one can choose x  ∈ X such that gx  = x  . Continuing this process, one can construct a sequence {x n } in X such that
Now, we discuss the following two cases. Case . If p(x n , x n+ ) =  for some n  ∈ N , then f and g have at least one common fixed point. In fact, if p(x n , x n+ ) =  for some n  ∈ N , that is p(x n  , x n  + ) = , which implies that
With the help of (.) and (.), we conclude that φ(p(x k+ , x k+ ), p(x k+ , x k+ )) = , hence, using the property of φ, we get p(x k+ , x k+ ) = , that is x k+ = x k+ . By similar arguments, we obtain x k+ = x k+ , x k+ = x k+ and so on. Thus, {x n } becomes a constant from n = k, that is,
Equations (.) and (.) yield that
which implies that x k is the common fixed point of f and g. Similarly, one can show that if n  = k +  (k ∈ N ), then f and g have at least one common fixed point. Therefore, we http://www.fixedpointtheoryandapplications.com/content/2013/1/107 have proved that if p(x n , x n+ ) =  for some n  ∈ N , then f and g have at least one common fixed point. Case . If p(x n , x n+ ) =  for some n  ∈ N , then f and g have at least one common fixed point. Indeed, if n  = k (k ∈ N ), then p(x k , x k+ ) = . Hence, x k = x k+ , due to (.), we have
Applying (.) and (.), we obtain φ(p(x k , x k+ ), p(x k+ , x k+ )) = . Using the property of φ, we have
From (.) and using p(x k , x k+ ) = , we get that
which implies that ψ(p(x k+ , x k+ )) = , and thus p(x k+ , x k+ ) = . Hence we obtain that f and g have at least one common fixed point from case . Similarly, it is easy to show that if p(x n , x n+ ) =  for some n = k +  (k ∈ N ), then f and g have at least one common fixed point, this completes the proof of case . Taking p(x n , x n+ ) >  and p(x n , x n+ ) >  for all n ∈ N . Now we prove that for every k ∈ N , we have
(.) http://www.fixedpointtheoryandapplications.com/content/2013/1/107
Suppose this is not true, then p(x k+ , x k+ ) > p(x k+ , x k ) for some k = k  , that is,
Using (.) and (.), we obtain that
Equations (.) and (.) give that φ(p(x k  , x k  + ), p(x k  + , x k  + )) = . Using the property of φ, we get p(x k  , x k  + ) = , which contradicts with p(x n , x n+ ) >  for n ∈ N , hence (.) holds.
Similarly, one can show that for every k ∈ N + , the following inequality holds.
Equations (.) and (.) imply that the sequence {p(x n , x n+ )} is nonincreasing, and consequently there exists some r ≥  such that
By (.) and the following inequalities,
we get that {p(x n , x n+ )} is bounded, and hence it has some subsequence {p(x n(k) , x n(k)+ )} converging to some r  , that is,
Taking (P  ) into account, we have
which combining with (.) shows that p(x n(k)+ , x n(k)+ ) is bounded, and hence there ex-
By (.), we have
Letting i → +∞ in (.), and using (.)-(.), we obtain that
which means that φ(r  , r  ) = , hence r  =  and r  = . Since
taking the limit as i → +∞, we have ψ(r) = , which implies that r = , that is,
Now, we claim that {x n } is a Cauchy sequence in the metric space (X, d p ) (and so also in the space (X, p) by Lemma .). For this, it is sufficient to show that {x n } is a Cauchy sequence in (X, d p ). Suppose that this is not the case, then using Lemma ., we have that {x n } is not a Cauchy sequence in (X, p). By Lemma ., we obtain that there exist ε >  and two sequences {m(k)} and {n(k)} of positive integers such that n(k) > m(k) > k and sequences in (.) tend to ε when k → +∞. http://www.fixedpointtheoryandapplications.com/content/2013/1/107 From (.), we get that
Letting k → +∞ in the above inequalities and using the continuity of ψ, ϕ and φ, we get that
therefore, we get that φ(ε, ε) = . Hence, ε =  which is a contradiction. Thus, {x n } is a Cauchy sequence in (X, d p ), and {x n } is also a Cauchy sequence in (X, p). Since (X, p) is complete, then the sequence {x n } converges to some z ∈ X, that is,
Moreover, the sequence {x n } and {x n+ } converge to z ∈ X, that is,
Using the fact that {x n } is a Cauchy sequence in (X, d p ), we have
By substituting x = x n(k)+ , y = z in (.), we get that
letting k → +∞ and applying Lemma ., we conclude that
which yields that φ(p(z, gz), ) = ; hence, p(z, gz) = , and thus z = gz. Similarly, one can easily show that z = fz, therefore, z is the common fixed point of f and g. Now we prove the uniqueness of common fixed point. Let us suppose that u is also the common fixed point of f and g. Since 
